In this paper it is shown that each quaternion division algebra central over the rationals appears as a division ring constituent of some rational group algebra.
Let x be an irreducible character of a finite group and let A be a field of characteristic 0. Let (B be the simple component of the group algebra kG corresponding to x (i-e-, such that x takes nonzero values on 03). Then (& = Dn, a full matrix algebra over a division algebra D with center k(x). Call D the constituent of kG corresponding to %• La this paper we consider D in the case that k is the field of rational numbers Q and x is rational-valued.
Let mic(x) denote the Schur index of x over k. If D is the constituent of kG corresponding to x> then wn(x) is equal to the index of D. Thus when mk(x) = 2, D has degree 4 over its center k(x). Such a division algebra is called a quaternion algebra. The Brauer-Speiser Theorem (see [l, p. 165]) states that Wi(x)^2 whenever x is realvalued. In particular when k = Q and x is rational-valued, then either D -Q or D is a rational quaternion algebra. The ordinary quaternion algebra, generated over Q by the quaternions of Hamilton, occurs as a constituent corresponding to the faithful character of the quaternion group of order 8. In this paper we show that each rational quaternion algebra does occur as a constituent of some group algebra, and we give a method for constructing suitable groups which have such constituents.
Henceforth D denotes a rational quaternion algebra.
Theorem.
For each rational quaternion algebra D, there exists a finite group G such that D is a constituent of QG.2
Our construction depends on the characterization of rational quaternion algebras by Hasse invariants. For rational division algebras, the Hasse invariants correspond to the set of rational primes including the infinite prime. We set the Hasse invariant MARK BENARD [October invp(D) oíD at p equal to 0 if D ® q Qp is a full matrix algebra over Qp and equal to 5 otherwise, where Qp is the />-adic completion of Q at the rational prime p. Then the set of all p for which invP(Z?) ^0 is a nonempty finite set of even cardinality. Conversely, for each nonempty finite set of rational primes {pi, • • • , p2>} oí even cardinality, there exists a unique rational quaternion algebra with nonzero invariants exactly at these primes.
If D corresponds to the character x, then mQp(x) equals the index of D ®q Qp for all p. When inVj,(Z?) = \,D ®q Qp is a quaternion algebra with center Qp and has index 2. Thus given a set of primes Û**= {Pu " " • 1 Pu} > we may show that the rational quaternion algebra with nonzero invariants on 6> does occur as a constituent in a group algebra by exhibiting a group G which has an irreducible rational-valued character x with mQp(x) = 2 exactly when pE&-Our task is greatly simplified by noting that if Di, D2, are constituents of QGi, QG2, respectively, then the division algebra D¡ determined by Di <S> q D2 is a constituent of Q (Gi X G2). Since
we need only to show the occurrence of a rational quaternion algebra with nonzero invariants exactly on the set {p, w }, for each prime p. The ordinary quaternion algebra has nonzero invariants at 2 and 00. Proposition.
As constructed above, wqs(x) = 2 exactly when q = p or q= 00. In particular, the rational quaternion algebra with nonzero invariants at p and «> is a constituent of QG.
Proof. First we note that mit(x) =wi*(0) for all fields k. This follows from the fact that mk(x) Ú2 and m*(0) ^2 and that | Ç(0) :Q\ is odd. Thus we have mQq(x) = 2 ii q = p or oo and mQq(x) = 1 if qE {2, p, oo }. In particular wq(x) = 2 and the constituent Z? of QG corresponding to x is a rational quaternion algebra. D has nonzero Hasse invariants at p and oo and zero invariants elsewhere except possibly at 2. But D must have an even number of nonzero invariants so inv2(.D) = 0. Thusw<32(x) = l.
